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Tom tat

Phuong phép phan ti hitu han (PTHH) 12 mét phuong phép hiéu qua d€ giai quyét cac bai todn dong luc hoc cong trinh
hién nay. VAn dé phan chia s6 lugng phan i c6 anh hudng 16n dén két qua ctia bai todn, tuy nhién chua c6 nhiéu phan tich
dé 1am r6 van dé nay trong cic bai toan dong hoc. Trong bai bao nay, tic gia sit dung phuong phap PTHH dé danh gid anh
hudng clia viéc chia s6 lugng phan ti khung, khéi lugng phan bd déu dén tan s6 dao dong riéng clia mot s6 két ciu phang,
so sanh két qua tinh véi cic phuong phap giai tich tir d6 dua ra mot s6 két luan.

Tir khéa: Phucng phap phan tit hitu han, tin sb, dao dong, két cAu phing, phuong phap giai tich.

Abstract

Currently, Finite Element Method (FEM) is an effective method to solve the Dynamic structure problems. The numbers
of element affects the problem’s result, still, there are few analysis bringing this problem to light. In this paper, we apply
FEM to estimate the influence of the divided number of frame element in which the weight of frame element is distributed
uniformly per unit of element to the eigen frequency of a flat structure, the problem’s results are compared to analytical
method’s in order to get some recommendations.
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1. bat van dé & nhiéu nudc trén thé gidi [5],[6],[7], cling nhu
§ trong nudc [1],[2],[3],[4]. D€ xdc dinh su 4nh
hudng cua tai trong tac dong 1én cong trinh, cling
nhu tranh hién tugng cong hudng trong dao dong
thi can phai xdc dinh dugc dic trung dao dong
riéng clia cong trinh (tan sd hodc chu ky dao

Dao dong cia cong trinh ¢6 anh hudng 16n
va mang tinh quyét dinh dén viéc thiét ké, tinh
toan két ciu cong trinh. Vin dé nghién cifu dong
luc hoc cong trinh da va dang dudc nghién ciu
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dong, dang dao dong...).

C6 nhiéu phuong phdp xdy dung va giai
quyét bai todn dao dong ctia két cAu nhu phuong
phép tinh (dua theo nguyén tic cin bing tinh
hoc, bo sung cdc luc quén tinh theo nguyén ly
D’Alembert), phuong phap nang lugng (dua trén
nguyén ly bao toan nang lugng) [2],[3],[4]. Hién
nay, cic phuong phdp gan ding (phuong phdp
nang ludgng Rayleigh, Lagrange-Ritz, phuong
phap thay thé khéi luong, phuong phap sai
phan...) dang dugc nghién cdu va st dung cé
hiéu qua nhd su phat trién cia may tinh. Dic biét
1a phuong phap phan ti hitu han (PTHH) gitip
gidi cac bai todn dao dong nhanh hon, cho két
qua clia cdc tan sd dao dong riéng sai s6 chap
nhan dudc so v6i phuong phap chinh xac.

Khi stt dung phuong phap PTHH, hé dugc
18 rac hda thanh céc phan ti (PT) vé6i s6 luong
hitu han, sau d6 cac PT dudc lién két lai véi
nhau tai cac diém nit va phai dam bdo tinh lién
tuc vé bién dang. Tuy nhién dé nhan thiy ring,
viéc chia lu6i phan ti cang mau (tdc 12 ting s6
luong phan ti) thi két qua tinh cang chinh xac
nhung sb Iuong 4n sb cang ting lam khé khin
cho viéc tinh toan. Trong bai bdo nay, tac gia
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sé st dung phuong phdp phan ti hitu han theo
mo hinh chuyén vi két hop véi 14p trinh tinh todn
trén phan mém Matlab d€ khio sat anh hudng
clia viéc phan chia s lugng phan tif dén tan sb
dao dong riéng w ctia mot sd két ciu co ban, tir
d6 dua ra mot s6 khuyén cdo trong thuc hanh tinh
toan.

2. Phuong trinh vi phan dao dong riéng theo
phuong phap PTHH

Khi cong trinh dao dong tu do, khong c6 can
thi phuong trinh vi phan dao dong theo thoi gian
codang [ [ ]:

[M].{u(®)}+[K{u()}=0 (1)

Trong do:

- [M],[K] 1an ludt 12 ma tran khéi lugng, ma
tran do cing tdng thé ctia hé két cAu, c6 dang ma
tran vudng kich thudc (nxn) tity thudc vao sb bac
tu do cuia tat ca cac niit. D6i v6i két ciu khung
phang, ma trin do cing va ma tran khdi luong
ctia phan ti thanh c6 lién két cing hai dau trong
hé toa do dia phuong dudc tinh todn dua trén nén
tang ly thuyét dam c6 dién (Ly thuyét dam Euler-
Bernoulli) nhu sau [2][3]:

EAJl 0 0 EAJl 0 0
0 12EI/P 6EI/P —12EI/P 6EI/P
o] = 0 6EI/P 4EI/I —6EI/I> 2EI/I )
¢ —EA/I 0 0 EAJl 0 0
0 —12EI/F -6EI/ 12EI/P —6EI/
0 6EI/I? 2E1]l —6EI/I> 4El]l
2a 0 0 a 0 |
0 156b 22Ib 0 54b -13Ib
] = 0 22Ib 4Pb 0 13lb -3Pb 3)
¢ a 0 0 2a 0 0
0 54b 13lb 0 156b -22Ib
0 -13lb -3Pb 0 -22Ib 4Pb
V6i ky hiéu: vay phéi quy doi cac ma tr\afln khdi lugng phan ti
a= '%1; b= % [m, ], ma tran do cing phan ti [k, ] trong hé toa

-E, A, L1 m lan luct 1a cac dai lugng Modun
dan hoi, tiét dién ngang, momen quin tinh cla
tiét dién, chiéu dai phan ti va khéi lugng phan
b theo chiéu dai.

Céc ma tran [M] va [K] trong hé toa dd tong
thé ctia két ciu dugc ghép ndi tir cdc ma tran clia
céc phan tif thong qua toa do clia cac niit. Mudn

do dia phuong vé hé toa do tdng thé tuong ting 1a
[m.] va [k.] theo cOng thuc:

[Te]T- [me’] . [Te] > [ke]

[m,]
[T]". [ke].[T.]

Trong do: [T], 12 ma tran chuyén ddi toa do
clia titng phan i, va c6 céu tric nhu sau:
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l 9

\/(Xz —x)’ + (2 =)

X1 ; Xo: Hoanh d6 cta nit dau va nit cudi cliia
phan tif trong hé toa do tdng thé.

y1;y2: Tung do clia nit dau va nit cubi cla
phan tif trong hé toa do tdng thé.

I: Chiéu dai phan ti.

- u; (¢) ; u(t): Chuyén vi va gia téc chuyén vi
(ngang, ding, xoay) tai cac nut, c6 dang dao dong
diéu hoa.

Khi hé dao dong riéng, cac niit chuyén dong
theo quy luat ham diéu hoa véi cic tan s6 dao
dong riéng khic nhau. Trong d6 céac tan sb6 dao
dong riéng dudc xéc dinh tlit phuong trinh tan sb:

det ([K*] - w?. [M*]) =0 (5)

V6i [K*], [M*] 1a ma tran do cing va ma tran
khéi lugng tdng thé ctia hé két cau sau khi khir
suy bién. Qua trinh ghép ndi cac phan tii sé dudc
lap trinh ty dong trén Matlab, d€ giai phuong
trinh tan sd (5) tac gia st dung thuat toan QR lap
trinh trén Matlab. Mot s6 trudng hop khéo sat cu
thé trong muc 3.

3. Vi du tinh toan khao sat anh huéng ca sb
lugng phan ti dén tan so dao dong riéng.

3.1. Ddm don gidn

Xét dam don gian (so d6 nhu hinh 1a) c6 khbi
lugng phan bd déu m =3750 (N/m), tiét dién chit
nhat A = 0.15(m?), md men quén tinh tiét dién 1=
9/2000 (m*), md dun dan hdi vat liéu E =27x10°
(N/m?).

m=const ® @ 0] @ O]
ATEA= anst Y t =l + + -
EJA=const E,|A=const
m = const m= const
4%# L2 L2 L3 L3 L3
(1a) (1b) - (1c)

Hinh 1. So d6 dim don gian. la,b,c,. So d6 dam chia 1
phan ti ,2 phan ti¥, 3 phan ti

Véi so d6 1la, tan sd dao dong riéng theo
nghiém giai tich la [2],[3],[4]:

w = 26 (=1.2,3..) )

Tién hanh kho st 4anh hudng cta sb luong
phan chia phan ti theo phuong phap PTHH véi
cic so dd 1a,1b,1c trong trudng hop nhip dam
thay d6i L=4(m), L=6(m), L= 8(m). Qud trinh
tinh todn tan sd dao dong riéng dudc lap trinh
trén Matlab, két qua so sdnh v6i nghiém gii tich
cho 2 tan sb co ban dau tién dugc 1ap thanh Bing
1 dén Bang 3.

5 N
Bang 1. Truong hgp L = 4(m)
i | LA - Theo phuong phap PTHH
T(as’f" {ffetoq(‘g“) Sodé1a | Saisé | Sodd1b | Saisé | Soddic | Saish
=L=a(m) | (%) | I=L2=2(m) | (%) | I=L3=4/3(m)| (%)
@y 111.0330 123.2376 11.0 111.4713 0.39 111.1230 0.08
@, 4441322 564.7455 27.16 492.9503 11.0 449.3820 1.18

Bang 2. Trudng hgp L = 6(m)

Theo phwong phap PTHH
So do 1b Sai s6
1=L/2=3(m) (%)

Tan sé | Kétqua
(s) | theo (6)

So'do 1c | Saisd
1=L/3=3(m) | (%)

So do 1a Sai s6
1=L=6(m) (%)

y 49.3482 547723 10 495428 0.39 493880 0.08
@y 197.3930 250.9980 27.16 219.0890 1.0 1997253 118

5 N
Bang 3. Truong hop L = 8(m)
A i | i - Theo phuong phap PTHH
T?S’T1§° ﬁeeto“(‘g“) Sodé1a | Saisé | Sodo1b | Saisd | Soddic | Saisé
EL=8(m) | (%) | FLR2=4m) | (%) |I=LU3=8/3(m)| (%)
y 27.7584 30.8094 11.0 27.8678 0.39 27.7807 0.08
[0 111.0336 141.1864 27.16 123.2376 1.0 112.3455 1.18

Nhdn xét: Chiéu dai clia phan ti khong anh
hudng dén sai s6 chénh léch giita két qua theo
PTHH va theo phuong phap giai tich khi nhip
dam thay ddi. Truong hop xem nhip dam 1a 1
phan i (so do 1a) thi két qua sai sd 16n. Khi xét
dén tan sd co ban thi 2 thi nén chia tr 3 phan
td tr$ 1én thi két qua theo PTHH x4p xi tot véi
nghiém gidi tich (sai s6 khodng 1%).

3.2. Ddm lién tuc

Xét dao dong riéng cia mot dam lién
tuc 3 nhip (hinh 2a) c6 khéi luong phan bd
déu m=3750 (N/m), tiét dién chi nhat A =
0.15(m*),md men quan tinh tiét dién I =
9/2000(m*), md dun dan hdi vat liéu E = 27 X
10°(N/m?).
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® 2 0. @8 0
HEE S S O

. i =
S O A S
bt bt qt S T T i 1
(2a) (2b)
®‘ ®‘® @‘ @ ‘@'®‘ ‘@ zi=1 smetb/ Z2=1.sin6t
—— ——— 4 £ -
L L L L L L L 0 1 2 3
1 K 1 1 ﬂL L 1L L 1L L 1L
(2c) . (3d)

Hinh 2. Dam lién tuc 3 nhip 3a,b,c. M6 hinh méi nhip dim
chia 1an luct 1 phan t&, 2 phan td va 3 phan tif 3d. Hé co
ban theo phuong phép chuyén vi

Theo phuong phép chuyén vi thi hé co ban
dudc chuyén vé nhu hinh 3d. Phuong trinh tan s6

c6 dang:
e 2| _ 0
21 r
Trong do:
r =Txn = %Yjs (/1)"'4%?’1 (D) T2

Iy = % 7).

A = k.L 1a thong s6 chuin 14y theo 1 nhip
dam.

¥;: 1a cac ham Kruldv theo A [2].

Suy ra:

3EI 4EI 2 2& 2

|2 () + Ly )] - [Zemw] =0
(7)

Giai phuong trinh (7), tim dudc 2 nghiém dau
tién 1a A, = 3.1416 va A, = 3.5564. Tan sb dao
dong riéng tuong tng cua hé theo phuong phap
chuyén vi la:

wi= (1) JE ®)

e ) g =g

Dang dao déng riéng thir nhat Dang dao déng riéng thi 2

Hinh 3. Hai dang dao dong co ban ctia dim lién tuc 3 nhip

Khdo sat bai toan khi nhip dam thay ddi
L=3(m) va L=6(m) theo phuong phdp phan ti
hitu han trong trudng hop mdi nhip dam chia 1
phan t (so d6 2a), chia 2 phan i (so do 2b) va
chia 3 phan tif (so dd 2¢). Qud trinh tinh todn theo
phuong phap PTHH dudc xay dung trén Matlab,
két qua so sanh véi nghiém giai tich theo phuong
phdp chuyén vi trinh bay & bang 4, bang 5.

Bang 4. Trudng hgp L = 3(m)

Theo phuwong phap PTHH
So do6 2b Sai s6

Tan | &t qua . . . .
S0 theo (8) Sodoé2a | Saiso Sodé2c | Saiso

(s 1=L=3(m) (%) |1EL2=1.5m)| (%) | ELB=1m) | (%)
> 197.3930 | 219.0890 1.0 198.1712 039 197.5519 0.08
», | 2529507 | 302.7149 19.67 2545753 065 253.2962 013

2 <
Bang 5. Truong hgp L = 6(m)
Két qua Theo phwong phap PTHH
s0 theo (8) Sordé2a | Saiso So do6 2b Sai s6 Sodd2c | Saiso
(s) 1=L=6(m) (%) | 1=L2=3m) | (%) | ELB=2m) | (%)
> 49.3483 54.7723 1.0 49.5428 0.39 49.3880 0.08
», 63.2399 756787 19.67 63.6488 0.65 63.3241 0.13

Tan

Nhan xét: Chiéu dai ctia phan ti khong anh
hudng dén sai s6 chénh léch giita két qua theo
PTHH va theo phuong phap giai tich khi nhip
dam thay d6i. Trudng hop xem nhip dam 1a 1
phan tif (so do 2a) thi két qua sai s6 16n. Khi xét
dén tan s6 co ban thi 2 nén chia tir 2 phan tif trd
1én sé& cho két qua xap xi tbt v6i nghiém gidi tich

=(sai s6 duéi 1%).

3.3. Két cdu khung

Xét khung 1 tang 1 nhip nhu hinh 4a, cic
thong s6 dau vao nhu sau: tiét dién A=0.1(m?),
mo6 men quan tinh tiét dién I=1/750 (m*),mo dun
dan hoi vat liéu E = 27 x 10° (N/m?), khéi luong
phéan b6 déu m=2500 (N/m), L = 6(m).

z:=1.sin6t

25=1 sin6t

b

{4b)

Hinh 4. Mb hinh khung 1 ting 1 nhip 4a. Cot va dam chia
1 phan ti theo PTHH; 4b. Hé co ban theo phuong phdp
chuyén vi

Hé co ban theo phuong phap chuyén vi nhu
hinh 4b c¢6 3 bac tu do. Tan s6 dao dong riéng
theo phuong phdp chuyén vi la nghiém cla
phuong trinh tan s6 :

rie riz s
ra rn 13 |=0
r3p I3 133

V6i r;; 1a gia tri phan lyc tai lien két i do

chuyén vi don vi tai lién két j gay ra.
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rn = 2 (1),
MS (/l)—/l4E['

8EI :
rn = Y A); r3 =

3 R
ro = ry o= EP); ra = rp =
SEY ()5 ri3=r3 = ()
Trong do:

A = k.L1a thong s6 chuin 14y theo phan tif cot
(hodc dam) trén so dd (4b).

Y. € :la cac ham Krulov theo A [2].

Khai tri€n dinh thiic va thay céc gia tri r;jta
dudc phuong trinh tan s6 rit gon nhu sau:

(1697 — ¥3).(24.65-1*)+36.92. (¥, — 4¥)) =

009

Giai phuong trinh tan s6 (9) ta dudc 2 nghiém
o ban dau tién 1a 4; = 1.7895 va A, = 3.5564.
Tan s6 dao dong riéng tuong tng theo (8): w; =
10.6744 (s7); wy = 42.1599 (s71).

Pé 1am 16 anh hudng cta sb luong phan ti
trong dam theo phuong phap PTHH dén tan s6
dao dong riéng, tac gia tién hanh danh gia theo
3 truong hop: dam chi chia 1 phan ti (so dd
4a), dam chia 2 phan t& (I=L/2=3(m)), dim chia
3 phan ti (1=L/3=2(m)). Chi y ring tit ci cic
trudng hop thi ciu kién cot chi chia 1 phan tg.
Két qua khdo sit va so sanh dugc trinh bay theo
bang 6.

R e T T~

| | 4o >

| [ \
Wb | \
b ! . 4
0 1 2 3 4 5 & T T 2 3 4

T s o
5b. Dang dao déng thir 2

5a. Dang dao déng thir nhét

Hinh 5. Hai dang dao dong riéng co ban

Béng 6. Anh hudng clia s6 lugng phan tit trong dam dén
tan s6 dao dong riéng

Theo phuong phap PTHH

Tansbd| Theo |Dam chiat Saiss |Damchia2| . . TDamchia3 | o . o
(s 9) phan tr (%) phan ti (%) phan te (%)
(SP 3a) 1=L/2=3(m) 1=L/3=2(m)

[ 106744 10.6915 0.16 10.6907 015 10.6905 0.15
@, 42.1599 498423 18.22 43.6402 351 434558 3.07

DPé 1am 16 4anh hudng cta sb luong phan ti
trong cot, tac gia ciing tién hanh d4nh gi4 theo 3
trudng hop: cot chi chia 1 phan ti (so dd 4a), cot
chia 2 phan ti (1=L/2=3(m)), cot chia 3 phan ti
(1=L/3=2(m)), con cau kién dim chi chia 1 phan

td. Két qua khao sat va so sanh dudc trinh bay
theo bang 7.

Bang 7. Anh hudng ctia s6 lugng phan tii trong cot dén tin
s6 dao dong riéng

Theo phuong phap PTHH
Tansé| Theo 3 Saisé | COtchia2 | o o 3 Sai sé
(s 9) phan tir % phan tir % phan tr %
sp3a) | P | =ue=amy | P | =Ls=am) | %)
», | 106744 106915 016 106738 001 106724 002
, | 421509 49.8423 1822 460556 924 45,0027 888

Cot chia1 Cot chia 3

Tir két qua bang 7 va bang 8, ta nhan thiy
12 néu xét dén dao dong riéng thi 2 thi viéc chi
chia cot va dim thanh mot phan tit 13 chua dd,sai
s6 clia w, 16n (trén 18%). Ngoai ra 4nh hudng
clia viéc phan chia s6 lugng phan ti trong dam
va trong cOt dén tan sd dao dong riéng 1a khong
gibng nhau. Néu xét dén w, thi viéc phan chia sb
lugng phan ti trong dam hiéu qua hon.

Tién hanh khdo sat viéc phan chia sd ludng
phan tif ca trong ciu kién cot va dam, két qua
trinh bay & bang 8.

Bang 8. Anh hudng ciia s6 lugng phan tii trong cot va trong
dam dén tan s dao dong riéng

Theo phuong phap PTHH
| Cotchia3 ) Cot chia 2 -
Sai s | phantir,dam | Saisé | phan ti,dam | Saiso
(%) chia 2 phan (%) chia 3 phan (%)
o tr

Tansd| Theo

(s ©)

Cot & dam
chia 2 phan
o

y 10.6744 10.6730 0.01 10.6729 0.01 106716 0.03
[ 421599 42.4816 0.76 41.9434 051 42.0086 0.36

Tit bang 8 ta nhan thiy rang khi phan chia ca
cOt va dam tir 2 phan td trd 1én thi két qua w; va
w, XAp xi t6t véi nghiém giai tich (nhd hon 1%).
Khi s6 lugng phan chia phan ti trong cot va dam
khong giéng nhau thi két qua c6 su sai 1&ch, tuy
nhién 1a khong dang ké.

Nhan xét:

-Tan sb dao dong riéng ctia két ciu phu thudc
kh4 16n vao viéc phan chia s6 lugng phan ti khi
st dung phuong phap PTHH.

- Dbi v6i két cAu dam don gian va dam lién
tuc thi chiéu dai ctia nhip dim khong 4nh hudng
dén muc do sai sb6 cuia két qua tan sb dao dong
riéng co ban w,,w, so vdi két qua tinh theo gidi
tich, tan s& co ban bic cao thi xu hudng sai s6 16n
hon tan sd co ban bac thip hon. Néu mdi nhip
dam chi chia 1 phan t thi két qué tinh w;,w, sai
sd 1a kha 16n, trén 11%. Khi chia mdi nhip dam
tlr 2 dén 3 phan tif thi két qua tinh w;,w, xip xi
t6t v6i nghiém giai tich, sai s6 dudi 1.0%.
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- Pbi véi két cau khung, néu chi xét tan sb
co ban thd nhit w, thi chi can phan chia méi ciu
kién dam, cot thanh mdi phan t 1a dd, v6i miic
sai 6 khong dang ké 1a dudi 0.2%. Tuy nhién khi
can xét dén cic tan sb riéng bac cao hon, tif w,
trg 1én thi sai sb 1a kha 16n, trén 50%.

4. Két luan

Phuong phap PTHH gitip gidi quyét cac bai
toan dong luc hoc cong trinh hiéu qua nhd su
phat trién cia may tinh. Mot trong nhiing dic
trung dong luc can dudc quan tAim diing mic 12
tan s6 dao dong (hodc chu ky dao dong). Viée xdc
dinh tan s dao dong riéng co ban ctia cong trinh
1a mot bude quan trong 1am tién dé cho cac tinh
toan sau nay. Khi stt dung PTHH thi viéc phan
chia s6 lugng phan ti trong mdi nhip cAu kién
4nh hudng 16n dén sai s6 ctia tan sd dao dong
riéng. Dbi v6i két cAu dam c6 trong luong phan
bd déu thi nén chia mdi nhip dam thanh 2 phan ti
trg 1én khi khao sat dén tan sd c¢d ban w,. Poi véi
két chu khung, néu chi xét tan sd co ban dau tién

w; thi viéc chia mdi ciu kién dam, cot thanh mdi
phan ti 13 chip nhan dudc, tuy nhién khi quan
tam dén cic tan sd riéng bac cao hon thi phai
chia mdi cAu kién tir 2 dén 3 phan ti trd 1én m&i
dam bio miic do sai s6 dudi 1% so véi két qua
theo giai tich.
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